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1. INTRODUCTION 
The purpose of this paper is to prove the global two-weight Sobolev-PoincarC embedding theorem 
for the compositions of the homotopy operator T: the Laplace-Beltrami operator a = dtl* + d*d, 
Green’s operator G, and the gradient operator V on the space of harmonic forms on a manifold M 
in R”, see [l] for more results of manifolds. The Sobolev-Poincark embedding theorem has been 
playing an important role in many fields, including partial differential equations and analysis. 
The Laplace-Beltrami operator and Green’s operator are widely used in physics, potential theory 
and nonlinear elasticity, etc. The gradient operator and the homotopy operator are effective 
tools in analysis which have found many applications in different areas of mathematics, including 
topology and differential geometry. In this paper, we first establish a local version of the em- 
bedding theorem. Then, we prove two-weight U-norm comparison theorems and the two-weight 
embedding theorem. Finally, we derive the global two-weight Sobolev-Poincark embedding theo- 
rem for operators on A-harmonic tensors (or A-harmonic forms) on manifolds. The A-harmonit 
tensors are differential forms satisfying the il-harmonic equation which have received much inves- 
tigation, see [2-s]. 0 ur main results on manifolds are proved in Theorem 2.9 and Theorem 3.3. 
respectively. Each of them contains two weights, WI(Z) and wz(z), and two parameters, Q and X. 
Hence, they are more flexible to he used for different purposes. For example, by choosing suitable 
values for the parameters cy and X in these theorems, we will obtain the required versions of the 
embedding theorems. As special cases of our main results, we also obtain the il,.(Jl)-wveightctl 
embedding theorems. These results will provide effective tools for the study of propertics of 
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operators and integrability of solutions to the A-harmonic equations and the related differential 
systems on manifolds. 
Let er, e2, . . , e, denote the standard orthogonal basis of R”. Assume that AZ = h’(R”) is the 
linear space of l-vectors, generated by the exterior products eI = ei, A eiz A. . . ei, , corresponding 
to all ordered l-tuples I = (ir, ia,. . , il), 1 < ir < i2 < ... < il 5 n, 1 = O,l, . . ,n. The 
Grassman algebra A = $r=eh is a graded algebra with respect to the exterior products. For 
CY = C o’er E A and ,8 = Cp’ eI E A, the inner product in A is given by (cy,p) = Ca’P’ 
with summation over all l-tuples I = (ir, iz, . . , il) and all integers 1 = 0, 1, . . . , n. We define the 
Hodge star operator *: A + A by 
where 
*w = sign (T) ail,iz ,__,, i,, (21, ~2,. . . ,x,) dxj, A . . . A dqnek, 
w = cyi, iz .,., ik (xl, x2,. . . ,x,) dxi, A dxi? A . . A dxik, , , il < i2 < ... < ik, 
is a differential k-form, YT = (ii,. . . , &,jr, . . . , jn-k) is a permutation of (1,. . . , n) and sign(r) 
is the signature of permutation. The norm of (II E A is given by the formula ]cx]~ = (a,a) = 
+(cy A *a) E A0 = R. The Hodge star is an isometric isomorphism on A with * : A’ -+ A”-l and 
** (-1) l(n-l) : Al --) Al. 
Throughout this paper, we always assume that M is a Riemannian, compact, oriented, and 
C” smooth manifold without boundary on R”, n 1 2, and R is an open subset of R”. We write 
R = R1. A differential I-form w on A4 is a de Rham current (see [1,9]) on M with values in 
A’(R”). Let A1M be the Ith exterior power of the cotangent bundle and C”(AlM) be the space 
of smooth l-forms on M. We use D’(M,Al) to denote the space of all differential l-forms and 
P(A’M) to denote the l-forms 
w (x) = cwI (x) dxI = ~wiliz,,,i, (x) dxi, A dxiz A.. . A dxil 
on M satisfying J, ]wI]~ < 00 for all ordered l-tuples 1. Thus, LP(A’M) is a Banach space with 
We denote the exterior derivative by d : D’(M, A’) ---f D’(M, A’+‘) for 1 = 0, 1, . . . , n. The 
Hodge codifferential operator d* : D’(M, A’+l) --+ D’(M, Al) is given by d* = (-l)“l+’ * d-k on 
D’(M, A’+~), 1 = 0, 1, . . , n, and the Laplace-Beltrami operator A is defined by A = dd* + d*d. 
We always use G to denote Green’s operator throughout this paper. Also, we use B to denote a 
ball and aB, g > 0, is the ball with the same center as B and with diam(aB) = adiam(B). We 
do not distinguish the balls from cubes in this paper. For measurable set E c R”, we write /El 
for the n-dimensional Lebesgue measure of E. We call w a weight if w E L&,(R”) and w > 0 a.e. 
For 0 < p < co, we write f E Lp(A’E, wa) if the weighted P-norm of a measurable function f 
over E satisfies 
(S > UP II-f II p,E,w= = E If(x)I”w(x)” dx < ~0, 
where cx is a real number. 
In a significant paper [6], Iwaniec and Lutoborski prove the following result. Let D C Rn be a 
bounded, convex domain. To each y E D there corresponds a linear operator KY : C”(D, A’) -+ 
Cm (D, Al-l) defined by 
(Kyw) (x; El,. i 6-l) = I’ t’-‘w (txfy -ty;x -y,&,. ,[l-1) dt 
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and the decomposition 
w = d (Kyw) + K, (dw) 
holds at any y E D. A homotopy operator T : Cc”(D, A’) + C”(I), Al-l) is defined by averaging 
KY over all points y in D 
Tw = 
s 
D P (Y) QJ dY, (1.1) 
where cp E C,“(D) is normalized by SD p(y) dy = 1. mTe define the l-form wg E D’( D, A’) by 
wD = 101-l I=0 and WD =d(Tw), 1=1,2 ,..., n, 
for all w E LP(D, A”): 1 5 p < 00, then WD = w - T(dw). By substituting z = tz + y - ty, (1.1) 
reduces to 
Tw (x,0 = 
.i 
w (2. c (z, 2 - z) ,<) dz, (1.1)’ 
D 
where the vector function < : D x R” +R’” is given by 
<(z,h) =h J Ys-l (1 + s)~-I p (2 - sh) ds. 0 
The integral (1.1)’ defines a bounded operator T : L”(D, A’) + W’+(D, A’-‘), 1 = 1,2,. . ,n. 
The A-harmonic equations for differential forms belong to the nonlinear elliptic equations which 
take the form 
d*A (z, dw) = 0, (1.2) 
where A : M x AL(Rn) + Al(R”) satisfies the following conditions: 
and (A (5, El > 0 2 I#’ (1.3) 
for almost every z E M and all [ E Az(RTL). H ele a > 0 is a constant and 1 < p < 00 is 
a fixed exponent associated with (1.2). A solution to (1.2) 1s an element of the Sobolev space 
IV,:: (111, Al-l) such that 
/’ 
(A(x,dw) .dy) = 0 (1.4) 
nt 
for all ‘p E Wl,“(M, A’-‘) with compact support. 
DEFINITION 1.1. We call u an A-harmonic tensor or an A-harmonic form on a manifold M if u 
satisfies the A-harmonic equation on M. Similarly, we call u and IJ a pair of conjugate A-harmonic 
tensors on M if u and w satisfy the conjugate A-harmonic equation 
A (z, du) = d*v (1.5) 
on M. We should notice that the A-harmonic equation is not affected by adding a closed form 
to u and coclosed form to v. Therefore, any type of estimates between Y and u must be module 
such forms. 
2. THE LOCAL Lp-ESTIMATES AND THE 
SOBOLEV-POINCARli EMBEDDING THEOREM 
We use W’J’(M, A’) to denote the Sobolev space of I-forms which equals LP(A’M) n Ly(A’M) 
with norm 
II~Iw.~(~~) = diam(fiV’ I14p,nf + ll~~ll,,~~~ (2.1) 
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For w E D’(M,R’), th e vector-valued differential form 
vw= 8W (- 8x1’. . . ’ 
consists of differkntial forms z E D’(M, A’), w h ere the partial differentiation is applied to the 
coefficients of w . The notations WI:: (M, R) and IV,:: (M, A’) are self-explanatory. For 0 < p < 00 
and a weight w(x), the weighted norm of w E W’+‘(M, Al, w”) over M is denoted by 
lI4IW’.P(M),w~ = diam WY l141p,M,w~ + Ilwlp,M,w” 3 (24 
where a is a real number. 
We say that u E Lt,,(RlM) h as a generalized gradient if, for each coordinate system, the 
pullbacks of the coordinate function of u have generalized gradient in the familiar sense, see [lo]. 
We write 
W (A%) = {u E L;,, (A’M) : u has a generalized gradient} . 
As usual, the harmonic l-fields are defined by 
?i (A’M) = {u E W (A’M) : du = d*u = 0, u E Lp, for some 1 < p < co} . 
The orthogonal complement of ‘H in L1 is defined by 
‘l-L’ = {u E L1 : (u, h) = 0, for all h E 7-1) . 
Grpen’s operator G is defined as 
G : C” (A%) -+ XFII n C” (A%) 
by assigning G(u) to be the unique element of X’- n C”(A’M) satisfying Poisson’s equation 
AG(w)=w--H(w), 
where H is either the harmonic projection or L;ametimes the harmonic part of w. See [11,12] for 
more properties of harmonic projection operator and Green’s operator. 
We will need the following generalized Hijlder inequality. 
LEMMA 2.1. Let 0 < (Y < 03, 0 < ,B < OCI, and s-l = (Y-’ + p-l. If f and g are measurable 
functions on R”, then 
llfdl4 5 Ilflla,E ’ kIlP,E> 
foranyEcR”. 
The following weak reverse Hiilder inequality appears in [7]. 
LEMMA 2.2. Let u be an A-harmonic tensor in M, p > 1 and 0 < s, t < 0~. Then there exists a 
constant C, independent of u, such that 
II~lls,B 5 c Iw-S)‘St I14t,pB >
for all balls or cubes B with pB c M. 
In [4], the following results were proved. 
LEMMA 2.3. Let u E C”(A’M), 1 = 0, 1, . . . , n, and 1 < s < 00. Then, there exists a constant C, 
independent of u, such that 
IP (G WlI,,M 5 c II4,A4 7 
IIG (a WII,,M 5 c II4,M . 
From results appearing in [13], we have the following lemma. 
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LEMMA 2.4. Let u E L;,,(B, Al): 1 = 1,2.. , IL, 1 < s < oc, be a differential form in a ball B c 
R”. Then 
From [8], we have the following Ls-estimates for Green’s operator. Let 11 E C”(h’M). I = 
0.1,. ,‘n. For 1 < s < 00, there exist constants C, independent of ?I,, such that 
We first prove the local Sobolev-Poincark embeddin g theorem for the compositions of the 
gradient operator 8, the homotopy operator Tt the Laplace-Beltrami operator a, and Green‘s 
operator G acted on a differential form. 
PROPOSITION 2.5. Let u E C”(A’M), 1 = 0, 1, , rt, and 1 < 11 < W. Then! V(T(G(,u))) E 
U’(A’B) and T(A(G(u))) E IV’lJ’(B,fl’). M oreover, there exists a constant C, independent of 11, 
such that 
IIV P”(G (4Mp,~ 5 C IBI I14p.~ 3 (2.4) 
IlT (a (G (u)))ll II/‘.P(B) 5 ’ IBI II$,.fj 1 (2.5) 
for all balls B with B c R’“. 
PROOF. We only need to prove (2.4) and (2.5). Then, the remaining part of the theorem follows. 
From Lemma 2.4, we have 
I/V CT Wll,,o 5 c IBI Mp,B * (2.G) 
for any w E Lr,,(h’B). Now, setting w = G(u) in (2.6), we have 
IIv CT (G (‘))) t$,B L ~2’ IP IIG bIiI,,B (2.7) 
Using (2.3) and (2.7), we obtain (2.4). Applying (2.1), Lemmas 2.3 and 2.4, we obtain 
l/T(~ (G WIIWL~~~B~ - - dim (B)-l IIT (a (G (~~)))ll~~,B + /IV CT (a (G (u)))) Ilp.u 
5 diam (B)-’ ‘Cl IBI diam(B) ll~(G(u))ll,,, +Cz IBI lla (G(u))lll,,~ 
5 c3 IBI lin (G c”)) I&,B 
5 c4 PI /IUIIp,B. 
Thus, inequality (2.5) holds. The proof of Proposition 2.5 has been completed. 
The following A,,i(E)-weights (or the two-weight), which can be considered as an extension of 
the usual AT-weights [13], app ear in [14]. Also, see [15,16] f 1 01 more applications of the two-weight. 
DEFINITION 2.6. We say a pair of weights (wl(z),wa(z)) satisfies the A,,x(E)-condition, write 
(WI(X), We) E A,,x(E), for some X 2 1 and 1 < 1’ < x with l/y + l/r’ = 1 in a set E c R7’ if 
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THEOREM 2.7. Let u E C”(A”M), 1 = 1,2,. . , , n, 1 < p < 00, be a differential form satisfy- 
ing (1.2) on a manifold M and T : C”(M, A’) --+ Cco(M, At-l) be a homotopy operator defined 
in (1.1). Assume that p > 1 and (wl(x),wz(x)) E A,.,x(M) for some X 2 1 and 1 < r < w 
with l/r + l/r’ = 1. Then, T(a(G(u))) E Lp(AlB, WY). Moreover, there exists a constant C, 
independent of u, such that 
/IT (A (G (~))N,,B,,p 5 C PI &am F-9 I14p,p~,w~ y (2.8) 
for all balls B with pB c M and any real number cy with o < X. 
PROOF. Similar to the proof of Proposition 2.5, we only need to prove (2.8). Then, the LP 
integrability of T(A(G(u))) f o 11 ows by (2.8). Let t = Xp/(X - a). Using Holder inequality yields 
(J ( VP IIT (A (G (~1)) ll,,~,,~ = B lWWNw~‘p)P dx) 
5 IIT (A (G (~)))ll,,~ (s, w?‘@-~) dr)(lplipt (2.9) 
= llT(A(G(4))llt,~ (S,-:~X)+~. 
Applying Lemmas 2.3 and 2.4, we obtain 
IIT (A (G b)))ll,,~ L G IBI d iam (B) IIA (G (~>>ll,,B i G PI &am (B) lblL,~ . (2.10) 
Choose m = Xp/(X + o(r - l)), th en nz < p. By the weak reverse Holder inequality, we have 
II4t,B 5 G lBl(“-t)‘mt I141nqp~. (2.11) 
Combining (2.9)-(2.11), we find that 
IIT (A (G w))llp,B,uJ~ 5 C4 IBI diam (B) IBl(m-t)‘mt IIuI/~,~~ (s, w~dxjaJhp. (2.12) 
Using Holder inequality again with l/m = l/p + (p - m)/pm, we have 
(J ( 1~1 w;lpw;a’p m dx ) > m 
; (i,-~u~r’w;dx)l;r 0”” (;jA”r-l’ dx)+l”*p, 
for all balls B with pB c M. Substituting (2.13) into (2.12), we obtain 
IIT (A (G (~1)) II p,B,wy I G lBl dim(B) IBl(m-t)‘mt II~llp,p~,w~ 
(Lw;dx)“*” (i;. (-$“T-l’ ,jf-‘*‘. 
Manipulating the condition that (wl(z), ws(z)) E A,x(M), we arrive at the estimate 
(2.13) 
(2.14) 
(bw;dx)ojhr (LB (i)“@-‘) ,jx)^“-l”Ap 
(&~,+(j+p (As,, (&)*““’ dx)-:r-l”*p 
(2.15) 
5 C, IBI”T’xp 
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Finally, substituting (2.15) into (2.14) and using (m - t)/mt = -ar/Xp, we obtain 
This ends the proof of Theorem 2.7. 
By the same method developed in the proof of Theorem 2.7, we have the following two-weight 
estimate about the composition of operators. 
THEOREM 2.8. Let u E C"(AIM), 1 = 1,2,..., n, 1 < p < co, be a differential form satisfy- 
ing (1.2) on a manifold M and T : C”(M, A’) + Cm(M, /\‘-l) be a homotopy operator defined 
in (1.1). Assume that p > 1 and (w~(z),w~(z)) E A,,x(M) for some X 2 1 and 1 < T < 0~; 
with l/r+ l/r’ = 1. Then, V(T(A(G(u)))) E U’(h’B, WY). Moreover, there exists a constant C, 
independent of u, such that 
Ilv (T (A (G Wll,.~,,~ 5 c Ial ll%,p~,wy ’ (2.16) 
for all bails B with pB c M and any real number 01 with 01 < X. 
PROOF. We only need to prove (2.16). Th en, the remaining part of the theorem follows. Choose 
t = Xp/(X - cr). From the Hiilder inequality, we find that 
IP CT (A (G bmll,,B,,~ = (S ( IPPVW(~)WJ?~ ) > ’ dx 
l/P 
< I,.:, (A (G (u)))),,~,~ (L wy’(t-p) dr) (t-p)‘pt (2.17) 
= llWT@W4)))ll,,. (i,w~‘i~)“*~~ 
Applying Lemmas 2.3 and 2.4, we obtain 
(IV (T (A (G (WIlt,B I Cl IBI IlA (G (4)llt.~ 5 C2 IBI I/~,R. (2.18) 
Substituting (2.18) into (2.17) gives 
/IV (T (A (G (“))))I~,,B,wi (2.19) 
Choosing m = Xp/(X + Q(T - 1)) an d using the weak reverse Holder inequality, we have 
lIqt,B 5 c4 Iw’-t)‘mt I14m,pB (2.20) 
Combining (2.19) and (2.20) yields 
I/V (T (A (G (4)))ll,,B,,p I C5 IBI IBI(m-t)‘mt IIdm,,a (2.21) 
Now, it is easy to see that inequality (2.21) plays the same role as inequality (2.12) in the proof 
of Theorem 2.7. Using the same strategy, we can prove (2.16). The proof of Theorem 2.8 has 
been completed. 
Now, we are ready to prove one of our main results, the local two-weight Sobolev-Poincarb 
embedding theorem for the composition of operators applied to A-harmonic tensors on manifolds. 
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THEOREM 2.9. Let u E C”(RrM), 1 = 1,2,. . . ,n, 1 < p < 00, be a differential form satisfy- 
ing (1.2) on a manifold M and T : C”(M, A’) + C”(M, A’-~) be a homotopy operator defined 
in (1.1). Assume that p > 1 and (w~(z),w~(x)) E A,,x(M) for some X > 1 and 1 < T < co 
with l/r + l/r’ = 1. Then, T(A(G(u))) E W’J’(B, A’, WY). Moreover, there exists a constant C, 
independent of u, such that 
I/T (A (G (4mvLP(B),W~ I c PI I141p,pB,wy Y (2.22) 
for all balls B with pB c M and any real number Q with a! < X. 
PROOF. We only need to prove (2.22). Then, the other part of the theorem follows. 
From (2.2), (2.8), and (2.16), we have 
llT(A(G(u)))llWl,p(B),Wk = diam(B)-’ I/T(* (G(u)))llp,B,,p + /Iv (T(A (G(~))))ll,,~,,~ 
5 diam (B)-1 . G PI diam (B) Il$,,p~,w,U + G PI II$,,p~,wa 
5 Cl IBI I14p,pB,ury + cz IBI I141p+d3,w~ 
5 c3 IBI I14p,pB,w~ . 
Hence, inequality (2.22) follows. The proof of Theorem 2.9 has been completed. 
Note that we have proved rather general versions of two-weighted P-estimates in Theo- 
rems 2.7-2.9, where the parameters X and cy are any real numbers with X > 1 and cu < X. For 
example, choosing o = 1 in (2.8), (2.16), and (2.22), we obtain the following Corollaries 2.10-2.12, 
respectively. 
COROLLARY 2.10. Let u E C”(hlM), 1 = 1,2,. . ,n, 1 < p < 00, be a differential form 
satisfying (1.2) on a manifold M and T : Cm(M, A’) --+ C”(M, A’-~) be a homotopy operator 
defined in (1.1). Assume that p > 1 and (WI(Z), We) E A,,x(M) for some X > 1 and 1 < T < 03 
with l/r + l/r’ = 1. Then, there exists a constant C, independent of u, such that 
IIT (a (G (~1)) II p,B,tQ 5 c IBI c&m (B) ll~llp,pB,uJz 7 (2.23) 
for all balls B with pB c M 
COROLLARY 2.11. Let u E C”(h’M), 1 = 1,2,. . . , n, 1 < p < co, be a differential form 
satisfying (1.2) on a manifold M and T : CO”(M, A’) + C”(M, A’-~) be a homotopy operator 
defined in (1.1). Assume that p > 1 and (WI(Z), We) E A,,x(M) for some X > 1 and 1 < T < 00 
with l/r + l/r’ = 1. Then, there exists a constant C, independent of u, such that 
118 CT (a (G w&?,w, 5 c PI I14p,pB,w2 7 
for all balls B with pB c M. 
(2.24) 
COROLLARY 2.12. Let u E C”(AlM), 1 = 1,2,. ..,n, 1 < p < co, be a differential form 
satisfying (1.2) on a manifold M and T : C”(M, A~) -+ C”(M, A’-~) be a homotopy operator 
defined in (1.1). Assume that p > 1 and (wl(z), We) E A,x(M) for some X > 1 and 1 < r < cc 
with l/r + l/r’ = 1. Then, there exists a constant C, independent of u, such that 
/IT (a (G WII~L~~B~,~~ - < c IBI I14p,pB,w2 2 (2.25) 
for all balls B with pB c M. 
If we put WI(Z) = wz(z) = w(z) in (2.8), (2.16) and (2.22), respectively, we obtain 
IIT (A (G (~)))llp,B,wa I C IBI diam (B) II~llp,p~,w~ ) (2.26) 
IIV CT (A (G W)II,,B,,~ 5 c PI Il~llp,pB,w~ 7 (2.27) 
IL” (A (G WI~WL~~B~,~~ L C PI II~llp,p~,w- 7 (2.28) 
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where the weight W(Z) satisfies 
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(2.29) 
which is a generalization of the usual AT-weights [13]. 
It is easy to see that if we choose WI(Z) = wz(z) and X = 1 in Definition 2.6, we have 
that is, 
since r’/r = l/(r - 1). Thus, we see that the A,,x(M)-weight reduces to the usual A,(M)-weight 
if WI(Z) = wz(z) and X = 1. Hence, if setting WI(Z) = wa(s) and X = 1 in Theorem 2.9, we 
obtain the following local A,.(M)-weighted embedding theorem. 
THEOREM 2.13. Let u E C”(A’M), 1 = 1,2,. , n, 1 < p < co, be a differential form sat- 
isfying (1.2) on a manifold M and T : C” (M, Al) + C”(M,h’-‘) be a homotopy opera- 
tor defined in (1.1). Assume that p > 1 and W(X) E A,(M) for some 1 < r < co. Then, 
T(a(G(u))) E W’~p(B, A’, wa). Moreover, there exists a constant C, independent of u, such that 
for all balls B with pB c M and any real number a with o < 1. 
3. THE GLOBAL TWO-WEIGHT EMBEDDING 
THEOREM AND RELATED P-ESTIMATES 
As applications of the local results, we prove the global A,,x(M)-weighted embedding theorem 
in this section. We shall need the following lemma about the Whitney covers appearing in [7]. 
See [lo] for more properties of Whitney cubes. 
LEMMA 3.1. Each R has a modified Whitney cover of cubes V = {Qi} such that 
Cxma (xl 5 Nxn (~1, 
QQJ 
(3.2) 
for all x E R” and some N > 1, where XE is the characteristic function for a set E. Moreover, 
if Qi I- Qj # 0, then there exists a cube R (this cube does not need to be a member of V) in 
Qi n Qj such that QZ U Qj c NR. Also, if R is b-John, then there is a distinguished cube Qo E V 
which can be connected with every cube Q E V by a chain of cubes Qo, &I,. , Qk = Q from V 
and such that Q c pQi, i = 0, 1,2,. , k, for some p = p(n, 6). 
Now, we prove the following global A,,x(M)-weighted P-estimates for operators on the man- 
ifold M. 
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THEOREM 3.2. Let M be a compact, orientable, Co3 smooth, Riemannian manifold without 
boundary and let u E C”(AlM), 1 = 1,2,. . . ,n, be an A-harmonic form on M. Assume 
1 < p < co and T : Cm(M,A’) + Cm (M, A~-~) is a homotopy operator defined in (1.1) 
and (wI(~),w(~)) E A-,x(M) f or some X 2 1 and 1 < r < co with l/r + l/r’ = 1. Then, 
T(A(G(u))) E P(A’M, wr) and V(T(A(G(u)))) E P(A’M, WY). Moreover, there exists a con- 
stant C, independent of u, such that 
IIT (A (G Wllp,M,,p L -2 WI &am (Ml lIUllp,M,w~ ? 
IIV P (A (G (~))))II pJ4,wp 5 c IMI Il~llp,M,w~ ? 
for any real number a with CY < X. 
(3.3) 
(3.4) 
PROOF. Note that the manifold M is compact. Thus, there is a finite coordinate chart cover 
vJl,U2,... , Urn} of M such that Ur=“=, lJk = M. Also, we can give M a topology in a unique 
way such that each Uk is open, see [l, Chapter II]. Therefore, we may assume that Uk is open, 
k = l,... , m. Applying Theorem 2.9 and Lemma 3.1 to Uk (note that UBEV B = Uk now), we 
find that 
IIT (A (G wN,,v,,,~ 5 c I/T (A (G W)&3,,~ 
BEV 
5 c (c1 IBI diam cB) lbllp pB @) 3 I 
BEV 
5 c21r 
( 
5 CIilM 
Hence, from (3.5), we have 
I &am (MI l14p,A4,w~ 
(3.5) 
llT(A (G kNl,,M,wp 5 2 IIT (A (G WN,,u,,wp 
k=l 
I 2 ck IMI diam(W I14p,~,wg 
k=l 
5 WI &am (MI II$,,M,~~ . c Ck 
k=l 
i C WI aam (W IIuII~,M,~~ . 
Thus, (3.3) is true. Similarly, we can prove (3.4). The proof of Theorem 3.2 has been completed. 
Finally, we are ready to prove the following global two-weight Sobolev-Poincarh embedding 
theorem for the composition of operators applied to A-harmonic tensors on manifolds. 
THEOREM 3.3. Let M be a compact, orientable, 6”” smooth, Riemannian manifold without 
boundary and let u E CW(AIM), 1 = 1,2,. , n, be an A-harmonic form on M. Assume that 
T : Cm(M,A’) --+ C”)(M,r\‘-‘) is a homotopy operator defined in (1.1) and (w~(x),w~(x)) E 
A,x(M) for some X>l and l<r<co with l/r+l/r’= 1. Then, T(A(G(u)))EW~J’(M,A’,W~) 
for 1 < p < 00. Moreover, there exists a constant C, independent of IL, such that 
IIT (A (G (4mv~~P(M),uJ~ 2 c I141p,M,w~ , (3.6) 
for any real number cy with a < X. 
Sobolev-Poincari: Embeddings 269 
PROOF. Applying (2.2), (3.3), and (3.4), we find that 
This ends the proof of Theorem 3.3. 
Choosing cy = 1 in Theorem 3.3, we have the following version of embedding theorem 
THEOREM 3.4. Let M be a compact, orientable, C”” smooth, Riemannian manifold without 
boundary and let u E C”(h’M), 1 = 1,2,. , n, be an A-harmonic form on M. Assume that 
1 < p < 00 and T : C”(M,r\‘) + C” (M,A’-‘) is a homotopy operator defined in (1.1) 
and (~JI(z),w(z)) E &,X(M) f or some X > 1 and 1 < r < oc with l/r + l/r’ = 1. Then, 
T(A(G(u))) E Wp(B, A’, ~1). Moreover, there exists a constant C, independent of u, such that; 
IIT (A (G (~)))I1 w’.p(M).71:~ 5 c II4p,M.u~* . (3.7) 
If we select w1 = w2 and X = 1 in Theorem 3.3, we obtain the following A,(M)-weighted 
Sobolev-Poincark theorem. 
THEOREM 3.5. Let M be a compact, orientable, C” smooth, Riemannian manifold without 
boundary and Jet u E C”(AlM), 1 = 1,2,. . , n, be an A-harmonic form on M. Assume that 
1 < p < CO and T : Cm(M,A’) + C”(hl,~‘-~) IS a homotopy operator defined in (1.1) and 
4x1 E A,(M) f or some 1 < 1‘ < 00. Then, T(A(G(u))) E W’~P(M,A’,w”). Moreover, there 
exists a constant C, independent of u, such that 
IIT (A (G(~LL)))ll~~il.P(nl),,u 5 c II&QLP ) (3.8) 
for any real number a with ai < 1. 
Similarly, if we set w1 = w2 and X = 1 in Theorem 3.2, we obtain the following A,(M)-weighted 
LP-estimates which are even more useful. 
THEOREM 3.6. Let M be a compact, orientable, C” smooth, Riemannian manifold without 
boundary and Jet u E C”(A’M), 1 = 1,2,. , n, be an A-harmonic form on M. Assume that 
1 < p < 00 and T : C”(M, II’) + CM (M, A’-~) is a homotopy operator defined in (1.1) and 
4x1 E A,(M) f or some 1 < T < 00. TJlen, T(A(G(u))) E D’(A’M,w”) and V(T(A(G(u)))) E 
Lp(AlM, 2~“). M oreover, there exists a constant C, independent of u, such that 
(3.9) 
(3.10) 
for any reaJ number a with Q < 1. 
REMARK. Similar to the local case, for different choices of cy and X in Theorems 3.2 and 3.3, we 
will have different versions of the global AT,~(M) Sobolev-P omcark embedding theorem. Consid- 
ering the length of the paper, we do not list these special global results here. 
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